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Similarly, for representations that have a known upper bound � "   and no lower bound, the transform r �  -
ln�~ • � 4�  yields a corresponding negative-log (nlog) quantile function and PDF 
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K-S Distance
Source Distribution Approximation Method

Discrete* QPD

p: 30-40-30 Normal Simple Logistic Metalog

q: 10-50-90 Q-Normal M2 M3 M4 M5

Normal (m=50, s=15) 0.200 0.000 0.000 0.035 0.035 0.035 0.006 0.006
Logistic (m=40, s=4.6) 0.200 0.032 0.009 0.000 0.000 0.000 0.000 0.000
Student t (df=6) 0.200 0.043 0.019 0.012 0.012 0.012 0.008 0.008
Extreme Value (m=100,s=20, e=-0.5) 0.200 0.064 0.020 0.093 0.093 0.070 0.017 0.009
Extreme Value (m=100,s=20, e=-0.2) 0.200 0.027 0.004 0.056 0.056 0.047 0.008 0.008
Extreme Value (m=100,s=20, e=-0.025) 0.200 0.102 0.039 0.111 0.111 0.036 0.028 0.006
Maximum 0.200 0.102 0.039 0.111 0.111 0.070 0.028 0.009
Average 0.200 0.045 0.015 0.051 0.051 0.033 0.011 0.006
Rank based on lowest Maximum 8 5 3 6 6 4 2 1
Rank based on lowest Average 8 5 3 6 6 4 2 1

* Approximation is bounded, whereas source distribution is unbounded.
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K-S Distance
Source Distribution Approximation Method

Discrete*** QPD
p: 30-40-30 Normal** Simple Logistic** Log Metalog

q: 10-50-90 Q-Normal** M2
log M3

log M4
log M5

log

Lognormal (m=0, s=0.5) 0.200 0.130 0.068 0.140 0.035 0.035 0.006 0.006
Lognormal (m=0, s=0.3) 0.200 0.078 0.026 0.092 0.035 0.035 0.006 0.006
Lognormal (m=0, s=0.15) 0.200 0.039 0.012 0.060 0.035 0.035 0.006 0.006
Weibull (l =3, k=3) 0.200 0.023 0.009 0.058 0.103 0.037 0.022 0.006
Weibull (l =7, k=7) 0.200 0.044 0.009 0.066 0.103 0.037 0.022 0.006
Gamma (k=4, q=2) 0.200 0.088 0.029 0.106 0.062 0.038 0.011 0.006
Gamma (k=2, q=2) 0.200 0.124 0.056 0.142 0.078 0.038 0.015 0.006
Inverse Gamma (a=3, b=1) 0.200 0.240 * 0.245 0.068 0.038 0.012 0.006
Inverse Gamma (a=5, b=0.5) 0.200 0.174 0.149 0.179 0.059 0.038 0.010 0.006
Exponential (l =0.5) 0.200 0.174 0.130 0.193 0.103 0.037 0.022 0.006
Chi-Squared (df=3) 0.200 0.143 0.077 0.161 0.087 0.038 0.017 0.006
Chi-Squared (df=6) 0.200 0.101 0.038 0.119 0.068 0.038 0.012 0.006
Inverse Chi-Squared (df=3) 0.200 0.388 * 0.394 0.087 0.038 0.017 0.006
Inverse Chi-Squared (df=6) 0.200 0.240 * 0.245 0.068 0.038 0.012 0.006
F (df1=1, df2=1) 0.200 0.621 * 0.623 0.020 0.020 0.001 0.001
F (df1=15, df2=30) 0.200 0.106 0.045 0.118 0.039 0.033 0.007 0.006
Maximum 0.200 0.621 0.149 0.623 0.103 0.038 0.022 0.006
Average 0.200 0.170 0.054 0.184 0.066 0.036 0.013 0.006
Rank based on lowest Maximum 6 7 5 8 4 3 2 1
Rank based on lowest Average 8 6 4 7 5 3 2 1

*    Approximation method does not yield a valid probability distribution.
**  Approximation is unbounded whereas source distribution is semi-bounded.
***Approximation is bounded whereas source distribution is semi-bounded. In addition, low bound 
    of approximation does not correspond to low bound of source distribution.
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K-S Distance
Source Distribution Approximation Method

Discrete*** QPD
p: 30-40-30 Normal** Simple Logistic** Logit Metalog

q: 10-50-90 Q-Normal** M2
logit M3

logit M4
logit M5

logit

Beta (a=3.5, b=3.5) 0.200 0.029 0.005 0.066 0.024 0.024 0.004 0.004
Beta (a=9, b=3.5) 0.200 0.054 0.012 0.084 0.044 0.031 0.008 0.005
Beta (a=0.8, b=0.9) 0.200 0.106 * 0.146 0.013 0.005 0.002 0.001
Beta (a=60, b=1.5) 0.200 0.138 0.069 0.157 0.085 0.037 0.017 0.006
Beta (a=1.2, b=1.2) 0.200 0.076 0.004 0.115 0.005 0.005 0.001 0.001
Beta (a=0.9, b=0.9) 0.200 0.095 * 0.135 0.003 0.003 0.000 0.000
Uniform (A=1, B=1) 0.200 0.088 0.000 0.127 0.000 0.000 0.000 0.000
Triangular (A=5,B=20, C=25) 0.200 0.077 0.016 0.112 0.033 0.019 0.009 0.003
Maximum 0.200 0.138 0.069 0.157 0.085 0.037 0.017 0.006
Average 0.200 0.083 0.018 0.118 0.026 0.016 0.005 0.002
Rank based on lowest Maximum 8 6 4 7 5 3 2 1
Rank based on lowest Average 8 6 4 7 5 3 2 1

*   Approximation method does not yield a valid probability distribution.
**  Approximation is unbounded whereas source distribution is bounded.
*** Bounds of approximation do not correspond to bounds of source distribution.
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K-S Distance

Unbounded Metalog

Source Distributions M5 M6 M7 M8 M9 M10

Normal (m=50, s=15) 0.006 0.002 0.001 0.001 0.001 0.000
Logistic (m=40, s=4.6) 0.000 0.000 0.000 0.000 0.000 0.000
Student t (df=6) 0.008 0.004 0.002 0.002 0.002 0.001
Extreme Value (m=100,s=20, e=-0.5) 0.009 0.002 0.001 0.001 0.001 0.000
Extreme Value (m=100,s=20, e=-0.2) 0.008 0.003 0.002 0.001 0.001 0.000
Extreme Value (m=100,s=20, e=-0.025) 0.006 0.005 0.005 0.001 0.000 0.000
Maximum 0.009 0.005 0.005 0.002 0.002 0.001
Average 0.006 0.003 0.002 0.001 0.001 0.000
Rank based on lowest Maximum 6 4 5 3 2 1
Rank based on lowest Average 6 5 4 3 2 1

Semi-Bounded Log Metalog

Source Distributions M5
log M6

log M7
log M8

log M9
log M10

log

Lognormal (m=0, s=0.5) 0.006 0.002 0.001 0.001 0.001 0.000
Lognormal (m=0, s=0.3) 0.006 0.002 0.001 0.001 0.001 0.000
Lognormal (m=0, s=0.15) 0.006 0.002 0.001 0.001 0.001 0.000
Weibull (l =3, k=3) 0.006 0.004 0.003 0.001 0.000 0.000
Weibull (l =7, k=7) 0.006 0.004 0.003 0.001 0.000 0.000
Gamma (k=4, q=2) 0.006 0.002 0.002 0.001 0.000 0.000
Gamma (k=2, q=2) 0.006 0.003 0.002 0.001 0.000 0.000

Inverse Gamma (a=3, b=1) 0.006 0.002 0.002 0.001 0.000 0.000
Inverse Gamma (a=5, b=0.5) 0.006 0.002 0.001 0.001 0.000 0.000
Exponential (l =0.5) 0.006 0.004 0.003 0.001 0.000 0.000
Chi-Squared (df=3) 0.006 0.003 0.003 0.001 0.000 0.000
Chi-Squared (df=6) 0.006 0.002 0.002 0.001 0.000 0.000
Inverse Chi-Squared (df=3) 0.006 0.003 0.003 0.001 0.000 0.000
Inverse Chi-Squared (df=6) 0.006 0.002 0.002 0.001 0.000 0.000
F (df1=1, df2=1) 0.001 0.000 0.000 0.000 0.000 0.000
F (df1=15, df2=30) 0.006 0.002 0.001 0.000 0.000 0.000
Maximum 0.006 0.004 0.003 0.001 0.001 0.000
Average 0.006 0.002 0.002 0.001 0.000 0.000
Rank based on lowest Maximum 6 5 4 3 2 1
Rank based on lowest Average 6 5 4 3 2 1
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K-S Distance

Bounded Logit Metalog

Source Distributions M5
logit M6

logit M7
logit M8

logit M9
logit M10

logit

Beta (a=3.5, b=3.5) 0.004 0.001 0.000 0.000 0.000 0.000
Beta (a=9, b=3.5) 0.005 0.002 0.001 0.000 0.000 0.000
Beta (a=0.8, b=0.9) 0.001 0.000 0.000 0.000 0.000 0.000
Beta (a=60, b=1.5) 0.006 0.003 0.003 0.001 0.000 0.000
Beta (a=1.2, b=1.2) 0.001 0.000 0.000 0.000 0.000 0.000
Beta (a=0.9, b=0.9) 0.000 0.000 0.000 0.000 0.000 0.000
Uniform (A=1, B=1) 0.000 0.000 0.000 0.000 0.000 0.000
Triangular (A=5,B=20, C=25) 0.003 0.003 0.002 0.002 0.001 0.001
Maximum 0.006 0.003 0.003 0.002 0.001 0.001
Average 0.002 0.001 0.001 0.000 0.000 0.000
Rank based on lowest Maximum 6 5 4 3 2 1

Rank based on lowest Average 6 5 4 3 2 1
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10% 50% 90%
Asset probability that realized value is less than …

1 18,150$             21,133$             22,625$         
2 10,465$             11,362$             12,408$         
3 15,781$             16,908$             18,260$         
4 4,234$               4,422$               4,610$           
5 2,629$               2,979$               3,295$           
6 13,945$             14,875$             16,176$         
. . . .
. . . .. . . .

259 3,500$               4,000$               4,500$           

Total 185,348$           
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